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Abstract. A Morse function / on a manifold with corners M allows the 
■^U| , characterization of the Morse data for a critical point by the Morse index. 

In fact, a modified gradient flow allows a proof of the Morse theorems in a 
manner similar to that of classical Morse theory. It follows that M is homotopy 
equivalent to a CW-complex with one cell of dimension A for each essential 
critical point of index A. The goal of this article is to determine the boundary 
maps of this CW-complex, in the case where M is compact and orientablc. 

O First, the boundary maps are defined in terms of the modified gradient flow. 

Then a transversality condition is imposed which insures that the attaching 
map is non-degenerate in a neighborhood of each critical point. The degree 
of this map is then interpreted as a sum of trajectories connecting two critical 
points each counted with a multiplicity determined by a choice of orientations 
on the tangent spaces of the unstable manifold at each critical point. 
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1. Introduction 

^' ^ 

\& ' Goresky and MacPhcrson's Stratified Morse Theory ( [GMp represented a great 

step forward in extending the ideas of Morse, Thorn and Smale to spaces more 
general than smooth manifolds. The complexities involved in dealing with strati- 
fied spaces prompted Goresky and MacPherson to comment on the nostalgia their 

i-G ' Stratified Morse Theory might inspire for the classical version, where the Morse 

data of a critical point is determined by a single number, the Morse index. 
G | In |Vaj Vakhremeev proved the Morse theorems in the setting of manifolds with 

corners, a setting which strikes a nice balance between the simplicity of classical 
Morse theory on one hand, and the generality of Stratified Morse Theory on the 

\^ . other. Manifolds with corners are a class of stratified space that arise naturally in 

many applications, yet on these spaces the Morse data for an (essential) critical 
point still is determined by a single number. 

Others have studied Morse Theory in similar settings, (e.g. Hamm (' jHal| . |Ha2j ) . 
Siersma (fSTj) and Braess (|E3), but none of these make use of a global flow on 
manifolds with corners. The Morse theory for manifolds with corners developed in 
|Han| utilizes a modified gradient flow to prove the theorems in a more classical 
manner (e.g. as in Mi ). This allows, as we shall see, the construction of a Morse 
complex with boundary maps determined by the trajectories connecting (essential) 
critical points. 
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1.1. Setup and Definitions. Let {ei, . . . ,ei} denote the standard basis vectors 
in R". Define H£ to be the set 

HJ = {w£l":we,>0 for all i > n - £}, 

where • denotes the standard inner product on R". 

Definition 1. An n- dimensional manifold with corners is a topological space M 
together with an atlas A of charts x a : U a — > H" o such that {U a } a is an open cover 
of M. We say that (M, .4) is a C r -manifold with corners if each transition function 
x^x" 1 : x a (U a n Ub) — ► X(,(C/ a H Ub) is of class C r , i.e. can be extended to a C r map 
between open sets of R" . 

The tangent space T p M of a manifold with corners M at a point p may be 
thought of as equivalence classes of the set 

{(x, v) : x is a coordinate chart at p G M and v G R n }, 

where (x, v) ~ (y, w) if D(x o y _1 )(w) = v. Then for each p G M, T p M is an 
n-dimensional vector space. 

If p G M, we will say a coordinate chart at p is a chart x p G A such that 
x p (p) =0e H". In this case, the number £ = £(p) is uniquely determined by p. 
This allows consideration of M as a stratified space. Each connected component of 
£e = {p ^ M : £{p) — £} is a stratum of dimension n — I. 

Definition 2. A tangent vector in T p M points outward if some representative 
(x, v) has v ^ H", )• A tangent vector is T p M points inward (or into M) if some 
representative (x, v) has v G H™, ■. . 

These terms are well defined, since for any two coordinate charts at p, the transi- 
tion functions preserve H™, -, . Note that the definition of an inward pointing vector 
includes those vectors which are tangent to the boundary of M . 

If K is a stratum of M then K is a manifold. We may thus consider at a point 
p G K the tangent space T p K. In fact, T p K C T p M as 

T p K = {v G T p M\v and — v point inward} 

If p G K is in the closure of another stratum, L, we can define the generalized 
tangent space 

T p L = {w G T p M : w = lim Vj G T qi K for some sequence {qi\ — ► p}. 

i — *oo 

We may also write this as T p L = lim 9 ^ p T q L. 

Definition 3. A Riemannian metric on a C r -manifold with corners M consists of 
an inner product (•, -) p on each tangent space T p M , such that with respect to any 
coordinate chart x : U — > H™, the functions (g§-, g|-) : x(J7) — » M are of class C r , 
i.e. can be extended to a C r function on an open set in R n . 



We say that a coordinate chart x : U — > H" at a point p is a standard coordinate 

w~ and #- 



chart if whenever i < n — £ and j > n — £ the tangent vectors -S— and -J?— are 



orthogonal. 

Lemma 1. For each point p G M , there is a standard coordinate chart at p. 
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Proof. Let y : U —> H™ = R™~ £ x [0, oo)^ be a coordinate chart at p. Then y(p) = 0. 
Define an inner product on R™ by 

(v,w) = (y; 1 (v),y; 1 (w)) p . 

Here we have used the natural identification of R™ with TbR n . 

Using this inner product, define an orthogonal projection onto R™ . For each 
vector v G R™, proj(v) <E span(ei, . . . ,e n -i) is the unique vector such that (v — 
proj(v), w) = for every w G span(ei, . . . ,e n _j). 

Now define a new basis for R™ by 

e^ = ei for i < n — £ 

ej = ej — proj(ej) j > n — £. 

Then if i < n — £ and j > n — I, (e^e,) = 0. 

Let J : R™ — > R" be the linear transformation that carries each e^ to e^. Then 
J is an isomorphism. We wish to show that J : H™ — > H™. It is sufficient to show 
that if 

v = aiei -\ h a n e n 

with cij > whenever j > n — £, then the expression 

v = aiei H h a„e„ 

satisfies cij > whenever j > n — £■ But if v = a^ei + • • • + a„e„, then 

v = aiei + • • • + a n -ee n -i 

+a n - i+ i (e„_£ + i - proj(e„_£ + i)) -\ h a n (e„ - proj(e„)) . 

Then, setting proj(e.,) = Y^k=\Pj,k e k, we see that 

v = (oi - ££=„_<+! Pj,i) ei + • • ■ + (a n -i - Ej=„-£+i Pj 
+a n -e+i^n-£+i + ••• + a n -ee n -£. 

So for j >n- £, a j = a,j. It follows that J : H^ -> H£. 

Finally, let x = Joy. Then x : [7 — ► H™ and x(p) = 0, so x is a standard 
coordinate chart at p. Moreover, 

X;1 (^) =JOy "(^ 



Since 



-l 



d_ 
» follow, that x,-. (£) = *, and * i8 o standard coordinate char, at p. 



y - '.ss, l=e " 



q.e.d. 



Let M be a compact, n-dimcnsional C"*-manifold with corners (r > 2) endowed 
with a Riemannian metric. Let / : M — > R be a C r function. For every stratum 
K of M, the function f\x '■ K — ► R is a C r function on the manifold X. If p <G K, 
we say p is a critical point of / whenever p is a critical point of f\x ■ Recall that a 
critical point of f\x is non- degenerate if the Hessian of f\x '■ K — > R is non-zero at 

If p is an interior point of M, then it is contained in a stratum K with dimension 
n. The gradient V/ of the function / : M — > R has a natural definition, if 
is a manifold with a Riemannian metric induced by the metric on M . We let 
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V/(p) = V/|if(p) £ TpiiT = T P M. If p is in the boundary of M, we can define 
V/(p) = linig^j, V/(q>) where g is taken to be in the interior of M. 
We can now define the class of functions we wish to consider: 

Definition 4. Let / : M — > R be a C r function from a compact, n-dimensional 
C"~-manifold with corners (r > 2) endowed with a Ricmannian metric into the real 
numbers. Then / is a Morse function on if the following hold: 

(1) If K is a stratum of M, and p £ K is a critical point of /|k : Ji* — ► R, then 
either 

(a) p is a non-degenerate critical point of f\x ■ K — > R or 

(b) the vector — V/(p) points into M. 

(2) If p £ if is a critical point of / |jc, then for any stratum L with p in the 
closure of L, -V/(p) ^ T^L 1 - C T p M . 

(3) If — V/ is tangent to a stratum if at a point p € K, and x : C7 — » H™ is a 
standard coordinate chart at p, then for j > n — £, the directional derivative 
of tjj- in the direction — V/(p) is non-zero. 

This definition is inspired by the definition of Morse function in |GM| . It differs 
in condition (|lbjl . where the critical point is not required to be non-degenerate, and 
in the addition of condition J^J , which ensures that the vector field G defined below 
produces a continuous flow. 

We say that p is an essential critical point of / if / satisfies condition (|laf> at p, 
but not condition (|lb(l . The index of an essential critical point p in a stratum K is 
equal to its index (in the classical sense) as a critical point of J\k- 

Suppose / : M — > R is a Morse function such that / _1 (— oo,r] is compact for 
each r £ R. It is shown in |Han) that M is homotopy equivalent to a CW-complex 
with one cell of dimension A for each essential critical point of index A. 

Let G be the modified gradient vector field of / on M, defined in Han] by 
projecting the vector — V/(p) onto the stratum of highest dimension such that 
the resulting vector does not point outward from M. It is shown in |Han| that G 
induces a flow tp : [0, oo) x M — + M and that the stationary points of this flow 
are exactly the essential critical points of /. The material above can be found in 
greatly expanded form in [Hanj . 

We can define the stable and unstable sets of an essential critical point p by 

S{p) = \qeM: lim <p(t, q)=p\, 

and 

U{p) = <q £ M : 3{qk}T=i c M sucn tnat f(k, Ik) = Q and lim q k = p 

k — >oo 



2. Results Proved 

Our goal is to describe the boundary maps of the CW-complex generated by 
/ in terms of the trajectories of the flow tp. If we assume a Smale-like condition 
(Definition[S| for the function / then the number of trajectories connecting a pair of 
critical points whose indeces differ by one is finite. Furthermore, if M is orientable 
and the index of p2 is one greater than that of p\ , then we can associate to each 
trajectory r connecting p2 to p\ a sign +1 or — 1. This sign is determined by 
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comparing, via the flow 92, orientations on Ufa) and Ufa). The degree of the pair 
fa, Pi) is 

degree (p 2 , Pi) = ^ si S n ( T ) > 

T 

where the sum is over all trajectories connecting P2 to p\. 

If P\ and P2 are the cells in the CW-complex corresponding to the critical points 
Pi and P2, then the degree of the attaching map of P2 along Pi is the sum of the 
signs of the trajectories from p 2 to p\. 

Now suppose M is a compact oriented manifold with corners and / : M — ► R is a 
Morse function satisfying the conditions of Definition[S] The goal of this article is to 
define a chain complex which is determined by the function / and whose homology 
is that of M. Let Ci(f) be the set of essential critical points of / with index j, and 
Vi the free Abelian group of formal Zdinear combinations of the elements of Ce(f). 
We can define di : Vz — > Vj-i by setting 

dz(p) = ^2 de S ree (P' 9)9 
gea,-i(/) 

for each p £ Cg(f), and extending linearly to all of Vg. Finally, we can state the 

Main Theorem. ( Theorem 1 11]) The free Abelian groups Vg and maps di form 
a chain complex whose homology groups are identical to the %-homology groups of 
the topological space M . 

3. The Attaching Map of a Cell in the Morse Complex 

Let p\ and P2 be essential critical points with indices Ai and A2 respectively. Let 
c i = f(Pi) for i = 1, 2. We can choose e sufficiently small that the set 

U s (pi) = Ufa) - f- 1 ^* - £]) = U{ Pl ) - M Ct _ e 

is homeomorphic to the interior of e Ai , a cell with dimension A^, for i = 1,2. Here, 
we follow the convention that M a = f~ l ({— 00, a}). In addition, suppose that 
f{pi) = c\ and f(p2) = C2, where ci < 02, and that there are no other critical 
points in / _1 ([ci, c 2 ]). 

The flow ip can be viewed as a deformation retraction, and used to define homo- 
topies 

M C2 _ e ~^(t,M C2 _ e ) 
and 

(3.1) M C2 „ e U Ufa) s ip(t, M C2 _ e U Ufa)) 
Since U(j>2) is invariant under the flow ip , it follows that 

(3.2) <p(t, M C2 -e U Ufa)) = <p{t, M C2 _ S ) U Ufa), 

The space on the left hand side of (|3.1I) is M C2 _ e with a A2-cell attached, but on 
the right hand side of (|3.2I) . [/(P2) — f(t, M C2 -e) ma Y not be homoemorphic to an 
open cell. This is a notable difference from the classical theory. 

To simplify our thinking, we can consider M C2 _ e U U{p2) to be M C2 - £ with a 
A2-cell attached via the inclusion map 



a : dU e fa) ^ M, 



C-2- 
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Then the family of homotopy equivalences 

M C2 _ e ~^(t,M C2 _ e ), 
gives rise to homotopy equivalences 
(3.3) M C2 _ e U ff e A2 ~ ip(t, M C2 _ E ) U v , (t ,. )e 



„A 2 



e 



Here we have identified U e (p2) with e A2 . 

In the first case l|3.2|l , we allow the whole space to flow by ip. The equality follows 
from the c^-invariance of U(p2)- In the second case IJ3.3JI . we simply allow M C2 _ e 
to flow by <p, and with it the image of the attaching map a?., (c.f. Lemma 3.7 in 

H3-) 

From here it is a short step to prove 

Lemma 2. Let pi and p2 be two essential critical points of f such that f(pi) = C\, 
f{Pi) — C2, c\ < C2 and there are no other critical points in / ([ci —£,02]). Then 
there is a map $2 : Mc 2 ~e ~^ M Cl + e such that 

M C2 _ e U U(p 2 ) = M C2 _ e U CT e Aa ~ M Cl+e U$ 20CT e Aa , 

where A2 is ifte index of p2- Moreover, $2 may oe defined in a way that preserves 
ip -trajectories in the sense that for every q £ Af C2 _ e , i/ie points q and $2(9) ^e on 
t/ie same (p -trajectory. 

Proof. The equality follows immediately from the discussion above. To define the 
map $2, we use the flow tp to construct a homotopy. For each q G Af C2 „ e , define 

*W = inf {£ g R+ : p(t, g) e M Cl+e } 

The function q \— > t q is continuous. Since there are no critical values between 
ci and C2, ig is finite for each q e M C2 _ e . Moreover, since M C2 _ e is compact, 
T\ = sup{4 . g G M C2 _ e } is finite. 

Now we can define a homotopy i?i : [0, 1] x M C2 _ e — » Af Cl _ e by 

<p(Tis,q) Tis < 4 
_ ¥>(#\«) T lS >4 

If we set $2(0) = Hi(l,q) for g e Af C2 _ e , the homotopy equivalence in the lemma 
follows. q.e.d. 



H ^9)-^ .,,,, „, ^^(1) 



$2 can be interpreted as allowing each point to flow by <p until it reaches M Cl+£ . 
Now we must deal with the more complicated situation in the neighborhood of the 
critical point p\ . 

Lemma 3. Let pi be an essential critical point of f such that f{p\) = c\ and let s 
be small enough that there are no other critical points in f {[c\ — e, C\ + £■])• Then 
there is a homotopy equivalence 

#2 : M Cl+e -»■ M C1 _ E U J7(pi). 

Moreover, ^2 can be chosen such that ^ 2(0) = Pi if and only if q E S(p\) P\ M Cl+£ . 

Proof. Since p\ is an essential critical point with index Ai, we can choose a coordi- 
nate chart such that 

/(x) = Cl — X-l — • • • — X-y 1 + ^Ai + l + ' ' ' + x n-j + x n-j+l + " - - + %n 
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We can define, for e sufficiently small, a region H and show that M Cl _ E U H is 
homotopy equivalent to both M Cl + e and M Cl _ e U U(j>i). To do so we first choose a 
smooth function \x : R — > R so that /n(0) > e, /i(r) = for r > 2s, and — 1 < // < 0. 
Then we set 

F(x) = /(x) - ix{x{ + ■ ■ • + x 2 Xl + 2(x 2 Xi+1 + ■■■ + xl_ 3 ) + 2(x n - j+1 + ■■■+ x n )) 



Finally, we define H = F _1 (— oo,Ci — s] — M C1 _ E . Note that 7J is used to denote 
this space, as it is in |Mi| , despite the possibility of confusion with the homotopies 
defined above and below. In this article, Hi is a homotopy and H is a subset of M. 

The proof of the lemma will be in two parts. First, we construct a homotopy to 
show that M Cl+E ~ M Cl _ e U H. We then construct a different homotopy to show 
that M Cl _ e UH~ M Cl _ e U 17(pi). 

For each q £ M Cl+e , define 

tf) = inf {tel+: </?(*, q) G M C1 _ E U ff } 

The function g h- ► t g is continuous, and t g J is finite for each q E M C2 _ e . Moreover, 
since M C2 _ e is compact, T 2 — supjtg ' : q £ M C2 _ E } is finite. 

Now we can define the first of our two homotopies i^2 : [0, l]xM Cl+E — » M Cl _ e Ui? 

by 

fl- 2 (*,«)=( ^ ,9) T2S -€ 

2l '^ \ ^(4 2) ,g) T 2S >4 2) 

This shows that M C1+E = H 2 {0, M C1+S ) ~ H 2 (l, M Cl+£ ) = M C1 _ E U ff. 

Now we show that M Cl _ £ UH ~ M cl _ E UC/(pi). In our chosen coordinate system 
the stable set of p\ corresponds to 

{{xi,. ..,x n )\xi = ■■ ■ = x x = 0}. 

The unstable set of p\ corresponds to 

{(xi,. ..,a: n )|a:A+i = ■ ■ ■ = x n = 0}. 

Consider the function g(x) — f{pi) + x\ +l + ■ ■ ■ + x 2 l _j+X n -j+-y + ■ ■ - + x n . This 
function is constant on the unstable set, with a value of fijpi)- For q outside the 
unstable set, f(q) > /(pi). Moreover, on the stable set the — Vg agrees with — V/. 

Let X denote the modified (negative) gradient vector field of the function g. 
Then X(q) = G{q) for q £ S( Pl ), and X(q) = for q £ U( Pl ). The flow of X is 
directed toward U{jp\). Let ip denote the flow of the vector field -rrSrr, and note that 
ip preserves the (^-trajectories that have p\ as a lower endpoint. 

For each q in H, we can set t\ ' = inf{£ £ R + : ip(t, q) £ M Cl _ E U U(pi)}, and for 
q £ M Cl _ E set 4 3) = 0. Then define T 3 = sup{4 3) : q £ H}. Then the homotopy 
H 3 : [0, 1] x M C1 _ £ U H -> Af Cl _ £ U I7(pi) given by 



^(Tas,?) T 3 s<4 3) 

v>(4 3) ,9) r 3S >4 3 



#3(s,g) - ■, ;!l _ ,.., 



gives a homotopy equivalence J?3(l, •) : M C1 _ E U J? — > M C1 _ E U U(jp\). 

Then the composition $2 = #3(1, •) ° #2(1,0 is a homotopy equivalence ^2 : 
M C1+E -► M CI _ E U J7(pi). 

q.e.d. 
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There is no reason, in principle, that the e used to define U e {p 2 ) must be the 
same as the e in Lemma |2 and Lemma 03 Nor must the e'a from the two Lemmas 
agree with each other. They can be chosen to be the same, however, and this serves 
to simplify the notation in the remainder of our argument. 

Now lets view this in terms of attaching maps. Let a 2 denote the inclusion map 
a 2 : dU e (p 2 ) — ► M C2 - e . (Previously this was simply a.) Then we can use the 
homotopy equivalence $2 to define an attaching map 

$ 2 °er 2 : dU e {p 2 ) -> M Cl+e . 

Now, identifying U e (p 2 ) with e Aa , we find that 

M C2+e ~ M C2 _ e U U(p 2 ) a M Cl+e U$ 20ff2 e x \ 

The first homotopy equivalence follows from Lemma [3J 

Using the homotopy equivalence ^ 2l wc can define an attaching map 

* 2 o $ 2 o a 2 : dU £ (p 2 ) -> M CI _ E U U( Pl ). 

From this, it follows that 

M C2+£ ~ M C2 _ £ U U{p 2 ) ~ M C1 _ E U J7(pi) U* 2 o$ 2 o ff2 e A2 . 

Let E2 = \&2 ° $2 ° o"2- Because $2 preserves all the (^-trajectories and ^> 2 
preserves those in S(pi), it follows that S 2 (g) = p\ if and only if q € dU e {p 2 ) lies 
on a trajectory connecting p 2 to pi. 

Using these ideas, we can construct a cellular complex (which will later prove 
to be a CW-complex) that is homotopy equivalent to M. Let Pi,p 2 , ■ ■ ■ ,p m be the 
essential critical points of M, each pi having index A^. Assume the values f(jpi) 
are distinct and the essential critical points are labeled such that f(pi) < f(j>j) 
whenever i < j. Then c\ = f{pi) must be an absolute minimum, and M Cl+£ 
is homotopy equivalent to the 0-cell, U £ (pi). In fact the map \&2 is a homotopy 
equivalence. 

Now, as in Lemma[2]and LemmaOH we consider the inclusion map a 2 : dU s {p 2 ) <— » 
M C2 _ e . Viewing U e (p 2 ) as a A2-cell, and using the attaching map £2 = ^ 2 °$ 2 oa 2 , 
of U s (p 2 ) onto U £ (p\) — {pi} we see that 

M C2+€ ~ 17 e (pi) U S2 U e { P2 ) 
~e Al U S2 e A2 . 

If e is sufficiently small, then U e (jpz) is homeomorphic to a A3-cell. It takes only 
a slight extension to define the attaching map for this cell. Let 03 be the inclusion 
map dU e {pz) "—* M C3 _ e , and define $3, ^3 for the critical points p 2 and ^3 using 
Lemma |2 and Lemma |21 Then S3 = f 3 o $ 3 o 03 gives the appropriate attaching 
map of dU 6 (p 3 ) onto M C2 - e U L/(p 2 ) ^ M C2 _ e U CT2 e A2 . 

Since ^> 2 ° $2 is a homotopy equivalence from M C2 _ e U^ e Aa to e Al Us 2 e A2 , the 
desired attaching map is given by 

S3 = 1 $! 2 ° 3*2 ° ^3 ° ^?3 ° C3- 

It follows that 

M C3+e ~ J7 e (pi) Us 2 I7 8 (pa) Us 3 ^(pa) 

~ e Al U S2 e A2 U Sa e Aa . 

Because of the construction of $3 and $3, S3 (9) = j»2 if and only if g G dU e {pz) 
lies on a (^-trajectory connecting P3 to j»2- We would like to be able to say that 
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S3 (3) = pi if and only if q £ dU e {p^) lies on a tyj-trajectory connecting p% to p\. 
This will be true provided that ^3 does not disrupt these trajectories. 

This can not be true in every case. With care, though, we can be sure that 
trajectories connecting critical points whose indices differ by one are not disturbed. 
This issue is resolved by Lemmas 1^1 and ITU1 

In general, for each critical point pk we define 

S fc = * 2 o $2 ° ■ ■ ■ *fe o $ fc o a k . 
These maps gives a homotopy equivalence 

M ~ U s (pi ) Ue 2 U e {P2 ) U • ■ ■ U Sm U e fan ) 

~e Al U S2 e A2 U---U Sm e Xm . 

We shall see that under appropriate conditions (Definition |S}, this cellular com- 
plex is in fact a CW-complex. 

4. The Degree of an Attaching Map 

Our goal is to show that, as in classical Morse theory, the degree of this attach- 
ing map can be determined by counting the trajectories connecting essential critical 
points. One difficulty is that, although these attaching maps are continuous, they 
are in general not smooth. Lemmas 0J and show that the maps possess enough 
regularity that we can establish a Smale-like transversality condition (Definition [5}. 
Using this definition, Lemmas [7| and |H1 show that a finite number of trajectories 
connect critical points whose indices differ by one. Finally a after a careful consid- 
eration of orientations along each trajectory connecting critical points, we define a 
degree to each such pair. 

Lemma 4. Let K be a stratum with dimension k and L be a stratum in the closure 
of K with dimension fc — 1. Let p £ K and suppose that <p(s,p) £ K for s < t p and 
<p(s,p) £ L for t p < s < T. Then there is a neighborhood U C K of p such that 
tp(T, •) : U — > M is smooth. 

Proof. Choose a coordinate system near <p(t p ,p) such that for q e K, Xk+i(q) = 
■ ■ ■ = x n (q) = and for q £ L, Xk(q) = • ■ • = x n (q) = 0. We know that the fcth 
coordinate satisfies Lpk{t p ,p) — 0, and in addition 

dtfik 



()t 



(t„p) 



by the definition of Morse function. 

From the Implicit Function Theorem, it follows that there is an open set U C K 
containing p and an open set V C R such that for each q £ U there is a unique 
g(q) £ V such that <Pk{g(q), q) = 0. Moreover, the function g is smooth. 

We can use this function g to define two additional functions: 7 : U — ► R x U 
given by 7(g) = (g(q),q) and r : 1 {U) -^ M x M given by r(i, q) = (T - t, (p(t, q)). 
Since <p is smooth whenever it remains in a single stratum, these are themselves 
smooth functions. We can write 



a composition of smooth functions, so ip(T, •) : U — ► M is smooth. 



q.e.d. 
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Lemma 5. Let K be a stratum with dimension k — 1 in the closure of a stratum 
L with dimension k. Let p £ K and suppose that ip(s,p) £ K for s < t p and 
<p(s,p) £ L for t p < s < T. Then there is a neighborhood U d K of p such that 
(/?(T, •):[/—► M is smooth. 

Proof. Choose a coordinate system near ip(t p ,p) such that for q £ K, X). (q) = • • • = 
X n (q) = and for q £ L, x k+1 (q) = ■■■ = x n {q) = 0. Let h(s,q) = (-V f) k ((p(s,q)). 
Then h is a smooth real valued function. Since the trajectory <p{-,p) moves from 
K to L at time t p , we must have h(t p ,p) = 0. 

By the definition of a Morse function, we know that 

(t P ,p) 

It then follows from the Implicit Function Theorem, that there is an open set U C K 
containing p and an open subset FcM such that for each q £ U there is a unique 
g(q) £ V such that h(g(q), q) = 0. Moreover, the function g is smooth. 

As before, we can define smooth functions 7 : U — > Rxll given by 7(g) = (g(q),q) 
and r : j(U) -tlxM given by r(i, g) = (T — i, </?(£, g)) and write 

^( T ><7) = (^ OT °7)(<7), 
Again, this is a composition of smooth functions, and so ip(T, •) : U —> M is smooth. 

q.e.d. 

Now let pi be an essential critical point with index A2 = j and p\ an essential 
critical point with index Ai = j — 1. Suppose that S(pi) fl U(jp%) 7^ 0. Choose a 

?e%i)n[/(p 2 )nM Cl+e . 

Then there is a q\ £ U £ {p2) and a time T such that g = tp(T, q\). 

Lemma 6. If the trajectory 93(5,(71) only ever changes between strata whose differ- 
ence in dimension is 1, then there is a neighborhood V in the stratum containing 
<7i such that tp(T, •) : V —>■ M is smooth. 

Proof. The result follows from repeated application of Lemma ^ and Lemma 
Since / _1 (— oo,r] is compact for each choice of r, there can be only finitely many 
stratum changes ( Han ). For each stratum change, i = 1, . . . , N, we get a corre- 
sponding neighborhood Vi- Since there are finitely many, we may choose 

V = Vi n • • • n v N . 

q.e.d. 

Definition 5. We say that the Morse function / is a Morse- Smale function if 
for each pair of critical points, p and p' with f{p) > f(p') 7 and for e sufficiently 
small the parametrized space U(p) and the set S e (p') = S(p') fl M/( p /) +e intersect 
transversely in the following sense: if q £ S e (p')nU(p), K is the stratum containing 
q, and q has a neighborhood N C M such that S E (p')r\U(p)nN = S E (p')nU(p)nK, 
then U(p) and S e (p') fl K intersect transversely in K. 

Let pi and pj be two critical points with indices Ai and Xj , respectively, satisfying 
\j — \i = 1. Let T be the set of trajectories from pj to p,. We wish to show that the 
transversality condition in Definitional together with the compactness of M ensure 
that % is a finite set. 

We begin with the following 
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Lemma 7. Suppose that M is an m-manifold, S a k- dimensional regular subman- 
ifold. Let U be an (m — k) -manifold, and $ : U — » M a smooth map such that 
S rh $(C/). Then $ _1 (S (1 $([/)) consists of isolated points in U. 

Proof First, since dim(S') + dim($([/)) = k + (m — k) = m, the transverse inter- 
section of S and $(J7) is zero dimensional. Let q £ U such that <I>(g) <E S 1 . We will 
show that there is a neighborhood N q of q such that <I>~ 1 (5') n N q = {q}. 

let x = (x , . . . , x m ) be a coordinate chart on M such that x($(g)) = (0, . . . , 0), 
and (x , . . . , x ) gives a coordinate chart on S 1 . Then for p £ S 

x l {jp) = 0, for i = fc + 1, . . . , m. 

Let x = (x' £+1 , . . . , x m ). We want to show that x = x o $ is a coordinate chart 
on U. It suffices to show that if y is a coordinate chart on U, then D(x o y^ 1 ) is 
non-singular. 

Since S rh $(t/), the vectors 



/ 9 i 9 i 

\^rl*(«)'-"'^fcl*(«)'** 



<9y 



fe+i| 



,*. 







form a basis for T$( g )(M), as do {gfr|*( g ), 



' dx r > 



dy n \ q , 

!*(«)}■ We can ^ nus wr it e 



$, 



dt) ^^cV 



for i = k + 1, 



Using this expression, it is clear that the matrix 



l fc+i 



l fe+i 



4 











a /c+i 




"fc + 1 


* 










a k+1 




m 



[ Ik 





* 


M 



is non-singular (having linearly independent rows) . It follows that the matrix M is 
non-singular. But M is the transpose of the matrix for 

D(x o ($ o y- 1 )) = D((x o *) o y- 1 ) = D(Z o y" 1 ), 

evaluated at y(g), so D(xo y _1 ) is non-singular in a neighborhood of y(g). 

Now, since x is a coordinate chart in a neighborhood of g, there is an open set 
N q of q such that for q' £ N q with g' ^ g, x(g') ^ (0, . . . , 0). So $(g') £ 5. 

q.e.d. 

Lemma 8. Let / : Af — ► R 6e a Morse-Smale function on a manifold with corners 
M . Let pi and pj be two critical points of f with indices Xi and Xj respectively, 
satisfying X 3 ■ — Xi = 1. Then the set X of trajectories from pj to p. L is finite. 

Proof. Let a — f(pi) and Cj — f(pj). Then dU £ (pj) is diffcomorphic to S j ~ 1 . For 
each element of t G T there is exactly one q T £ dU e (pj) (~l r. 

Suppose that 1 is an infinite set. Then, since dU e (pj) is compact, there is a 
convergent sequence {qi]^i such that qi £ dU e (pj) n n for some n £ X. Let 
go = lim^oo qt. 
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We wish to show that qo = dU £ (pj) Dtq for some tq G 1. Choose T such that for 
p = (f(T,qo), f(p) < a + e. Then for i sufficiently large f{ip{T,qi)) < a + e, and 
since for each i lim^oo ip(t, qi) — pi, <p(T, qi) G S e (pi) for i sufficiently large. Now, 
ip is continuous, and S e (pi) is closed, so p — linx^oo ip(T,qi) G S 6 (pi). It follows 
that qo lies on some trajectory connecting pj to pi. 

Now we will show that po is isolated in dU e Dl, contradicting the choice of pq. Let 
K be the stratum containing p = ip(T, qo) and set c = f(p). Let M = / _1 (c) fl K, 
S = S £ (pi) n M. Assume there is a neighborhood Uo of go in M on which tp(T, •) is 
smooth. (If there is not, replace T with a slightly larger T".) For each q G Uq there 
is a trajectory of ip containing q. We will denote this trajectory by j q . For a given 
q G U , let g = 7, n dU s (pj), g = 7,n <^(T, •) _1 ('S'), and let t,6l such that 

<p(t q ,q) = q iif(q)>f(q) 

<p(-t q ,q) = q if /(g) < /(g). 

The maps q i—> g, q h- > q and q ^ t q are all smooth, and so the function 
$0 : ^o — > M given by <&o(g) = ¥>(T + t q ,q) is smooth. Let C7 = dU e (pj) D Uq, and 
$ = $ |£r : U ^M. 

We can let fc = dim(5) = dim(iir) — \ — 1 and m = dim(M) = dim(iir) — 1. 
Then dim(dU e (pj)) = Xj — 1 = m — k. Choose a coordinate chart at p G M, 
x = (x 1 , . . . , x m ), such that (x 1 , . . . , x k ) is a coordinate chart on S and 

3**(p ) 7^ whenever p $■ S and i > k. 

This can be done in such a way that oftlp is tangent to the trajectory r . 

Now choose a coordinate chart y = (y k+1 , . . . , y m+1 ) on Uo, such that y = 
(y k+1 , . . . , y m ) is a coordinate chart on U and g £ +1 | go is tangent to the trajectory 
To. Then 

$ * W^°) = #0 * (^' 90 ) e Tpil? for * = K ' ' ' ' m ' 

In addition, $o*(g^r|g ) W1U be tangent (at p) to the trajectory To. 
Since / is a Morse-Smale function, the vectors 

d , 9 , „ / 9 , \ ( d 



lip'* * a3+ll90 .•••:*0 



span Tpif. Since the vectors dx k+i \p and ®o*{ g £+i |g ) are tangent to T p To, and 
the remaining m — dim (A/) vectors are all in T V M, 

d • d ■ * ( d , ^ ^ 9 



dx i ip. • • • . fefe if -* ^ y fc+i la y =••-,-* ^ ym 

form a basis for T p M. The first A: vectors of this basis are a basis of T p S, and the 
remaining m — k vectors are a basis for T p &(dU e (pj)). It follows that 

S(h$(dU £ (pj)). 

By Lemma[7| Q~ 1 (Sn$(U)) consists of isolated points. Note that for sufficiently 
large i, qi € $ _1 (S n $(£/)) and in addition g G $ _1 (S H $(£0)- This, however, 
contradicts the fact that lim^oo qi = qo. Consequently, the number of trajectories 
connecting pj to pt must be finite. q.e.d. 
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Now assume that M is an oriented manifold. At each essential critical point 
p, the tangent space T P M can be decomposed into a stable space and an unstable 
space, T p M = E + (p)®E~(p). Choose an orientation for the unstable space E~(p). 
This induces an orientation on E + (p) in the following way: 

Let X p be the index of p, and choose a basis v\, . . . , Vx £ E~ (p) which represents 
the orientation on E~(p). Then choose v\ p+ i, . . . , v n € E + (jp) such that Vi, . . . ,v n 
is a basis which represents the orientation on T p M. The vectors v\ +i,...,v n 
determine an orientation for E + (p). 

Now for critical points pi and pj, the orientation on E + (pt) determines an orien- 
tation on S E (j>i), which in turn determines an orientation on T q S{pi) for q £ S(pi). 
In a similar way, the choice of orientation on E~(j>j) induces an orientation on 
TfUipj) for q> £ U e ( Pj ). 

Note that if the function / : M — > R is a Morse-Smale function and <p(T, q') = q, 
then the derivative <p(T, •)» restricted to U(pj) has full rank at <f(T, ■)~ 1 (q). 

Now the map <p(T, •)* pushes forward the orientation on T q >U(pj) to give an 
orientation on T q ip(T,U{pj)). Since dim(ip(T,U(pj))) = j and dim(5 e (pj)) = n — 
j + 1, these two sets intersect in the one dimensional trajectory through q. We 
can choose a basis for T q ip(T, U(pj)) which represents the induced orientation and 
such that the last vector is Sflr'pi'ti Qi)- We also may choose a basis representing 
the orientation on T q S(pi), with 4r\i<<p(t, q\) as its first vector. When combined, 
these bases give an orientation for T„M . If this orientation agrees with the chosen 
orientation on M then we say the sign of the trajectory from pj to pi through q\ is 
+1. Otherwise, the sign is —1. 

Now if T is the set of trajectories from pj to pi, Lemma [S] ensures that T is a 
finite set. So, we can define 

degree(pj,pi) = ^2 si g n ( T )- 

TGI 

This degree, we shall see, is the degree of the attaching map Ej at pi. 

5. The Morse Complex for a Morse Function on a Manifold with 

Corners 

5.1. The Geometric Complex of a Morse Function. Let Pk denote the cell 
U E (pk)- We know that M is homotopy equivalent to the cellular complex 

X = Pi U E2 P 2 U ■ • • U Sm P m . 

Recall that Ej was defined by 

Ej = * 2 (1, •) o $ 2 (1, •) o • ■ • o ^-(1, •) o $,(1, •) o ajt 

which attaches Pj to P x Us 2 P 2 l) ■ ■ ■ Uj; i _ 1 Pj-i- The map Ej is defined by a 
sequence of maps derived from flows. They alternate between a $^ which preserves 
the ^-trajectories, and a ^k which does not. 

We wish to show that this cellular complex is, in fact, a CW-complex. In order 
to do so we need the following result regarding the behavior of the trajectories of 
<p. 

Lemma 9. Let pi and pj be essential critical points of a Morse-Smale function 
f on a manifold with corners M. If Pj £ U(pi) then index(pj) < index(pi). If 
Pi G S(pj) then index(jpi) > index(pj). 
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This lemma allows the maps $& and ^k to be defined in a way that preserves 
^-trajectories connecting critical points whose indices differ by one. 

Proof. We will show that the boundaries of U(pi) and of S(pj) are composed of 
a union of trajectories. Suppose, in this case, that pj G U(pi). Then there is 
a trajectory r e S(pj), with r C U(pi). The upper endpoint of r must also be 
a critical point p^. in U(pi). Since / is a Morse-Smale function, it follows that 
index(p fe ) > index(pj). 

Traveling up from pj in this way, there is a sequence of essential critical points 
with increasing indices. Since the topmost critical point in this sequence must be 
Pi, the result follows. The second half of the lemma is established in a similar way. 

To show that the boundary of U(pi) and of S(pj) is composed of a union of 
trajectories, we will assume that q e U(pi) and we will show two things. First, that 
for any t > 0, <f(t ,q) G U(pi) and second, that that there exist to and q' such 
that q' £ U(pi) and <p(to, q') = q. 

If q € U(pi), then there is a sequence {q n } C U(pt) such that linin^oo q n = q. 
Since ip(to, •) is continuous, it follows that limn-xx) tp(to, qn) — </?(to, q). 

The second assertion is more of a challenge, since ip provides a flow in only one 
direction. Again, let {q n } C U(pi) be a sequence such that ]im n —^ <x> q n = q. Let 
r = /(«)• 

If q is an essential critical point, then let q' = q and to be any real number 
greater than zero. Then ip(to, q') = q. 

If q is not an essential critical point, let then for each n, let q' n denote the 
intersection of the trajectory containing q n with f (r). Then linin^oo q' n = q also. 

Let r' > r = f(q) be such that / _1 ([r, r']) contains no critical points (at least 
in a neighborhood of q). Then let g" denote the intersection of the trajectory 
containing q n with / _1 (r'). Since / _1 (r') is a closed submanifold, it is compact. 
There is a subsequence of {q'n} that converges to a point q'. Relabel, if necessary, 
so that linin^oo q" = q' . Note that q' e U(pi). 

The map from f~ l {r') to f~ l (r) given by allowing each point of / _1 (r') to 
flow by if until it hits f~ l {r) is both well defined and continuous (at least in a 
neighborhood of q'). Since this map carries each g" to q' n , it follows that the 
limit q' is carried to the corresponding limit q. Thus there is some to such that 

f(t ,q') = q- 

It follows that U(pi) contains the entirety of some trajectory passing through q. 
The above argument uses only the fact that U{pi) is a union of trajectories. The 
argument applies equally well to S(pj) 

q.e.d. 



Note that this lemma does not imply that if r is a trajectory that intersects U(pi), 
then r C U(pi). Because trajectories combine wherever — V/ points outward, a 
point may lie in more than one trajectory. Of course, all trajectories containing a 
particular point must have the same lower limit. 

Lemma 10. The cellular complex X of the Morse-Smale function f : M — > M. is a 
CW- complex. 

Proof. By construction, Sj maps dPi = dll e (pi) onto a union of cells. The impor- 
tant point here is to show that these cells have dimension smaller than that of Pi. 
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Ideally, a cell Pj will be in the image of £j if and only if there is a (^-trajectory 
connecting pi to pj . 

By Lemma[51 for each critical point pi there is an open set W containing pi, such 
that U(pj) (~1 W = whenever index(pj) < index(pi) and S(pj) n W = whenever 
index(pj) > index(pi). We can then choose e small enough that V&j+i is the identity 
outside W. 

Now suppose that S(pj) (~l U(pi) = 0, but Pj C image(Sj). The sets S(pj) and 
t/(pi) must have been "confused" in a neighborhood of some essential critical point 
Pk by ^fc+i- It follows that index(pfe) < index(pi) and index(pj) < index(p^). It 
follows that 

index (p^) < index(p;) — 2 

Hence, the boundary of each cell is mapped to a union of lower dimensional cells, 
and the geometric complex is a CW-complex. 

q.e.d. 

The proof gives us some other information about the attaching maps of this 
CW-complex. Suppose that £ is the attaching map for P = U e (p) and Q — U £ (q) 
is a cell with dimension one less than that of P. Then S _1 (g) is exactly the set of 
points in dU e {q) that lie on trajectories connecting p to q. 

This CW-complex gives rise to a chain complex 

0<—W £-Wi£-...£^W n . 

The free Abelian groups Wi are generated by the i-cells of the above CW-complex. 
We will refer to this chain complex as the geometric complex of / : M — ► M.. 

5.2. The Algebraic Complex of a Morse Function. Let Cj(f) be the set of 
essential critical points of / with index j, and Vj the free Abelian group of formal 
Z-linear combinations of the elements of Cj(f). For each j = 1, . . . ,n = dim(M) 
define a map 9j : Vj — > Vj-i by setting 

d j(p)= Yl <iegiee(p,q)q 

for each p £ Cj(f), and extending linearly to all of Vj. For j — 0, set d' Q (p) = 

In the next section, we will see that the free Abelian groups Vj and maps <9' 
form a chain complex 

o^v ^Lv 1 JL...S-v n 

We will refer to this chain complex as the algebraic complex of / : M —* K. 

5.3. Main Theorem. We are now ready to state and prove the main result of this 
article. 

Theorem 11. Let M be a compact orientable n-manifold with corners, and f : 
M — > R be a Morse-Smale function satisfying the conditions of Lemma\$ Then 
the algebraic complex of f : M — > R is a chain complex. Moreover, the algebraic 
complex and geometric complex have the same homology groups. 
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Proof. Let Ck(X) be the set of cells in X having dimension k. As above, Ck(f) 
is the set of critical points of / having index k. These sets are in one to one 
correspondence; each P G Ck{X) satisfies P — U e (p) for some p G Ck(f) and for 
each p G C k (f), P = U e {p) G C k {X). 

The bijection hk ■ Ck{X) — ► Cfc(/) by U e {p) t— » p can be extended to an isomor- 
phism hk ■ Wk — » V/c by linearity. Thus we have a chain map ft. given by 

< VK - 3l Wi - 32 ... i 3 " VK„ < 



//() 



hi 



h 



I 



< V < — — V 1 < — — ... < — =— V n < 

Where each hi is an isomorphism. It suffices to show that dk = h~^_ 1 o9J,o/i t . 
The map dk is defined by 

dk(Pj)= Yl deg(S,, P,)Pi 

p % ec k -!(x) 

for each Pj G Ck(X), where Sj is the attaching map for the cell Pj. The degree 
deg(£j,Pj) is determined by choosing a q G Pi such that Y,j(dP) intersects Pj 
transversely at q, and then adding the number of points in E~ (q) at which Sj is 
orientation preserving, and subtracting the number of points in S~ (q) at which Y>j 
is orientation reversing. Given Pj G Ck(X) and Pj G Ck-i(X) we must determine 
this degree. 

We have the relationship 

deg(S j ,P)=deg(S ij ,C7 e (p i ))- 

Consider a point q G dll e (pj) (~l r for some trajectory connecting pj to pi. The 
map Sy is orientation preserving at q if sign(r) = +1, and orientation reversing if 
sign(r) = — 1. It follows that 

deg(£j,P) = deg(T,ij,pi) = degree (pj,Pi). 

and so 

deg(Sj,P) = degree(ftfc(pj),/ife_i(pi)). 
It follows that 

d k(P) = Yl degree(/i fc (p j ),ftfe_i(p i ))/i^ 1 (p i ). 



and so 9^ = ft fc _ 1 o d' k o h k as claimed. This proves the theorem. 



q.e.d. 



It should be pointed out that in the the descending set of an essential critical 
point may not be homeomorphic to an open disk. Consequently, the descending 
sets may not be interpreted directly as cells in a CW-complex, as they may in 
the classical theory. Nonetheless, this theorem provides a useful parallel with the 
classical Morse theory in the setting of manifolds with corners. 
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